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Abstract
In this paper, we prove the equation in the title has no positive integer solutions (x, y, n)
with 2  | n and x = y apart from (x, y, n)= (5, 2, 5), (90, 2, 13).
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1. Introduction
Ratat [15] and Goormaghtigh [6] observed that
31 = 2
5 − 1
2− 1 =
53 − 1
5− 1 and 8191 =
213 − 1
2− 1 =
903 − 1
90− 1
are solutions of the Diophantine equation
xm − 1
x − 1 =
yn − 1
y − 1 , in integers x > 1, y > 1, m > 2, n > 2 with x > y. (1)
∗ Fax: +86 20 8403 7978.
E-mail address: yuanpz@mail.csru.edu.cn.
0022-314X/$ - see front matter © 2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.jnt.2004.12.002
P. Yuan / Journal of Number Theory 112 (2005) 20–25 21
This equation asks for integers having all their digits equal to one with respect to two
distinct bases. It has been conjectured that Eq. (1) has only two solutions (x, y,m, n) =
(5, 2, 3, 5) and (90, 1, 3, 13). Makowski and Schinzel [10,11] proved several special
cases of this conjecture. Nagell [12] conﬁrmed a conjecture of Ramanujan [16] that
the equation
x2 + 7 = 2n, x > 0, n > 0
has only ﬁve solutions (x, n) = (1, 3), (3, 4), (5, 5), (11, 7), (181, 15). This implies that
the solutions of Eq. (1) with y = 2 and m = 3 are given by (x,m) = (5, 5) and
(90, 13). Shorey [18] proved that 31 and 8191 are the only primes N such that N has
all the digits equal to 1 with respect to two distinct bases and (N − 1)5. Here
(N − 1) denotes the number of distinct prime divisors of N − 1. For ﬁxed x and y,
Balasubramanian and Shorey [1] showed that Eq. (1) implies that max(m, n) is bounded
by an effectively computable number C1 depending only on the greatest prime factors
of x and y. If gcd(x, y) = 1, Shorey [19] proved that we can replace C1 in the above
result by an effectively computable constant C2 depending only on the greatest prime
factors of x and y − x. The proofs of the preceding results depend on the theory of
linear forms in logarithms.
When m and n are ﬁxed. Davenport et al. [5] proved that (1) has only ﬁnitely many
solutions, but their proof rests on a theorem of Siegel [21] and thus it is ineffective.
However, when gcd(m − 1, n − 1) > 1, they are able to replace Siegel’s result by
an effective argument due to Runge [17]. The above result has been improved by
Nesterenko and Shorey [14]. They proved
Theorem NS. Let d2, r1 and s1 be integers with gcd(r, s) = 1. Assume that
m−1 = dr and n−1 = ds. If (x, y,m, n) satisfy (1), then max(x, y,m, n) is bounded
by an effectively computable number depending only on r and s.
This is the ﬁrst result of the type where there is no restriction on bases x and y and
the exponents m and n extend over an inﬁnite set. Bugeaud and Shorey [4] showed that
the above assertion continues to be valid when the ratio (m− 1)/(n− 1) is bounded.
However even if we ﬁx one of the four variables, it remains an open question to
prove that (1) has only ﬁnitely many solutions. For an account of results on Eq. (1)
and the more general equation a(xm − 1)/(x − 1) = b(yn − 1)/(y − 1), we refer to
Shorey and Tijdeman [20, Chapter 12].
In this paper, we will focus our attention to the equation
x3 − 1
x − 1 =
yn − 1
y − 1 , n > 2, x > 1, y > 1 with x > y. (2)
Eq. (2) has two known solutions (x, y, n) = (5, 2, 5), (90, 2, 13). Any other solution
(x, y, n) of (2) will be called exceptional. Makowski and Schinzel [11] proved that
(2) has no solution with 2  | n and y > 1+ ( n+1
(n+1)/2
)
/8. Le [7] showed that (2) has no
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exceptional solution with y a prime power. Nesterenko and Shorey [14] showed that if
(x, y, n) is an exceptional solution of (2) with 2  | n, then n25. Bugeaud and Shorey
[3] showed that for any integer y > 2, the number of pairs (x, n) satisfying (2) does
not exceed 2(y)−1. Further, using the deep result of Bilu et al. [2] which characterize
all Lehmer numbers without a primitive divisor, Le [8] proved that
Theorem L. If (x, y, n) is an exceptional solution of (2), then gcd(x, y) > 1 and y  |x.
By using the above result of Le [8] and some information on quadratic equations,
we will prove
Theorem 1.1. Eq. (2) has no exceptional solutions (x, y, n) with 2  | n.
Remark. Ref. [7] contains an error, as pointed out by Leu and Li [9]. Furthermore,
the error in [7] led to an error in [4] as well. However, these errors do not invalidate
the present paper.
2. Some lemmas
Let y > 1 be an integer. First we will describe the set of solutions of the following
quadratic equation:
(y − 1)u2 − 4yz2 = −3y − 1. (3)
Observe that 2y − 1 + 2√y(y − 1) is a nontrivial unit of norm 1 in the number ring
Z[√y(y − 1)]. Following arguments of Nagell [13, Theorem 108], we have
Lemma 2.1. Every positive integer solution (u, z) of (3) can be represented by
u
√
y − 1+ 2z√y = (u0
√
y − 1+ 2z0√y)(2y − 1+ 2
√
y(y − 1))m, (4)
where m0 and (u0, z0) is a solution of (3) satisfying the following inequalities:
1z0
1
2
√
3y + 1,
1 |u0|
√
3y + 1.
Proof. Let (u, z) be a solution of (3) in positive integers. Consider all pairs (u, z)
of the integers of the form
u
√
y − 1+ 2z√y = (u√y − 1+ 2z√y)(2y − 1+ 2√y(y − 1))m, m ∈ Z.
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Let (2y − 1 + 2√y(y − 1))m = a + 2b√y(y − 1). Then a > 0, and by (3), z2a2 −
b2u2(y−1)2 = z2(4b2y(y−1)+1)−b2u2(y−1)2 = z2+b2(y−1)(3y+1) > 0. Since
z = bu(y − 1)+ za, we infer z > 0. It is clear that (u, z) satisﬁes (3). Among all
pairs (u, z), we choose a pair with the property that z is minimal, and we denote
that pair by (u0, z0). Deﬁne integers u1 and z1 by
u1
√
y − 1+ 2z1√y = (u0
√
y − 1+ 2z0√y)(2y − 1+ 2
√
y(y − 1)),
where  = −1 if u00, and  = 1 if u0 < 0. Since z0 is the smallest, and since
z1 = (2y − 1)z0 + (y − 1)u0 is positive, we must have
(2y − 1)z0 + (y − 1)u0z0. (5)
From (5) and (3) it follows that
(y − 1)(4yz20 − 3y − 1)4(y − 1)2z20,
whence
1z0
1
2
√
3y + 1.
Now by (5)
|u0|2z0
√
3y + 1.
Finally, by (4), u = u0a+ 4z0yb. Note that 16z20b2y2− u20a2 = 4b2y(3y+ 1)− u20 > 0
when b = 0, this yields b0, whence m0. 
Lemma 2.2. Let (u, z) be a positive integer solution of (3) with z = yk , y > 4 and
k1. Then z0 = 1, u0 = ±1 and u ≡ ±1 (mod 2y).
Proof. From (4) we have
yk = z0
{[m/2]∑
h=0
(
m
2h
)
(2y − 1)m−2h 4hyh(y − 1)h
}
+ u0(y − 1)
{[m/2]∑
h=0
(
m
2h+ 1
)
(y − 1)h22h(2y − 1)m−2h−1yh
}
.
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Taking residues mod (y − 1) on both sides of the above equality, we get
1 ≡ z0 (mod (y − 1)). (6)
This implies z0 = 1 since 0 < z0 12
√
3y + 1 by Lemma 2.1. Since (u0, z0) is a
solution of (3), this yields u0 = ±1. Further, from (4) we have
u = u0
{[m/2]∑
h=0
(
m
2h
)
(2y − 1)m−2h 4hyh(y − 1)h
}
+ 4yz0
{[m/2]∑
h=0
(
m
2h+ 1
)
(y − 1)h22h(2y − 1)m−2h−1yh
}
,
this implies u ≡ (−1)mu0 ≡ ±1 (mod 2y). 
3. Proof of Theorem 1.1
Proof of Theorem 1.1. We may assume that y > 4 by Theorem L. Let (x, y, n) be a
solution of (2) with 2  | n. Then
(y − 1)(2x + 1)2 − 4y(y n−12 )2 = −3y − 1.
This implies (2x + 1, y n−12 ) is a solution of (3) with u = 2x + 1 and z = yk and
k = n−12 1. By Lemma 2.2 we have
u ≡ ±1 (mod 2y).
This yields y|x or y|x + 1, hence
y|x, or gcd(x, y) = 1,
which is impossible by Theorem L. 
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